Abstract: The partition function of Euclidean Yang-Mills theory on two dimensional surfaces is given by the Migdal formula. It involves the area and topological characteristics of the surface. We consider this theory on a class of infinite genus surfaces that are constructed recursively. We make use of this recursive structure to compute the partition functions (with or without additional Wilson loops) on such surfaces. Our method also works for the quantum deformed Yang-Mills theory.
Yang-Mills theory on finite genus surfaces
In this section we give a quick introduction to the Yang-Mills theory on finite genus surfaces with or without Wilson loops. We assume the gauge group G to be compact and simply connected, and the Haar measure of G to be normalized such that the volume of the group is unity. Moreover, we denote the product ag 2 , where a is the area of the surface and g is the coupling constant of Yang-Mills theory, simply as a and refer to it as the area. With these assumptions the partition function for the disc of area a is given as [1, 2] Z(U ; a) = R dim R exp(−aC 2 (R))χ R (U ) (2.1)
In the above, the sum is over all irreducible representations of the Lie group G, and C 2 (R) and χ(R) are, respectively, the second Casimir invariant and the character corresponding to the irreducible representation R. Lastly, U is the holonomy along the boundary of the disc. The partition function of any other surface is obtained by constructing the surface by gluing discs together and using the following integration identities [7] G dA χ
where integrations are with respect to the Haar measure of group G. Using the above formulae, the partition function for a surface of area a, genus g and number of boundary components p can be easily computed and is given as
where the holonomies U 1 , · · · , U p are associated with the p boundaries. As is clear from this equation, by taking the infinite genus limit one is only left with the term corresponding to the one-dimensional representation. However, as we will see below, there is a class of infinite genus surfaces (namely Richards surfaces) for which the partition function has a nontrivial expression. More generally, we can insert Wilson loops on a surface. Consider, for example, the simplest situation in which a Wilson loop in representation R w is inserted along the nontrivial cycle of a cylinder, dividing it into two parts of areas a 1 and a 2 respectively. The corresponding partition function (with this loop insertion) is given as
where, the number N R 1 R 2 Rw is the multiplicity of the representation R 1 in the tensor product of R 2 and R w . The partition functions of all finite genus surfaces with non-intersecting Wilson loops can be computed from Eqs. (2.3) and (2.4) by using gluing techniques.
Construction of Richards surfaces
A surface is a connected orientable two dimensional topological manifold. A bordered surface Σ is said to be of infinite genus if it does not have any bounded subset S such that Σ− S is of genus zero. A theorem in Ref. [8] classifies compact bordered surfaces: Two compact triangulable bordered surfaces are homeomorphic if and only if they both have the same number of boundary curves, the same Euler characteristic, and are either both orientable or else both non-orientable. This was extended to the case of non-compact triangulable surfaces, including surfaces of infinite genus, by Kerékjártó and further generalized in Ref. [6] (for surfaces without boundaries) and in Ref. [9] (for surfaces with boundaries).
Let us digress to define a few useful concepts. A subset of a surface Σ is said to be bounded in Σ if its closure in Σ is compact. Let P 1 ⊃ P 2 ⊃ · · · be a nested sequence of connected unbounded regions in Σ such that the following holds:
(a) the boundary of P n in Σ is compact for all n, (b) P n ∩ A = ∅ for n sufficiently large for any bounded subset A of Σ.
Two sequences P 1 ⊃ P 2 ⊃ · · · and Q 1 ⊃ Q 2 ⊃ · · · are considered to be equivalent if for any n there is an integer N (n) such that P n ⊂ Q N and vice versa. The equivalence class of a sequence p = (P 1 ⊃ P 2 ⊃ · · · ) is called an end and will be denoted by p * . In order to define a topology on the set of ends, we start with a set U in Σ, the boundary of which in Σ is compact. Let us define open sets U * to be the set of all ends p * , represented by some p = (P 1 ⊃ P 2 ⊃ · · · ), such that all except a finite number of P n ⊂ U . An ideal boundary of a surface Σ is the set B(Σ) of its ends endowed with this topology.
Equivalently, let Σ * be a locally connected compactification of a non-compact surface Σ. The set B(Σ) = Σ * − Σ is the ideal boundary of Σ if it is a totally disconnected set.
Two separable surfaces Σ and Σ of the same genus and orientability class are homeomorphic if and only if their ideal boundaries are topologically equivalent [6, 9] .
We would like to review the construction of an infinite genus orientable surface following the ideas of Richards [6] . Let us start by recalling the construction of a Cantor set. We start with the closed line interval [0, 1], and repeatedly remove, say, the middle one-third from it. Therefore, after the first n steps, we are left with 0, 1 3 n ∪ 2 3 n ,
3 n , 1 . The points that remain in the limit n → ∞ constitute a Cantor set. However, more than just the end-points of the intervals that have been removed, remain in the limit. Indeed, even though the total length of the intervals that have been removed equals that of the original interval [0, 1], the cardinality of Cantor set is that of the closed set [0, 1]. It is a totally disconnected space in which every point is an accumulation point.
A Cantor set may also be constructed by removing every alternate intervals out of 2 + 1 segments for any positive integer . However, Cantor sets associated with different are isomorphic.
The iterative procedure for the construction of a Richards surface is related to a Cantor set. First, we start with a closed disc D 0 containing 1 [0, 1]. In it are the disjoint discs D 00 and D 01 containing the intervals 0, 1 3 and 2 3 , 1 , respectively. Now consider complement of (the union of) these smaller discs D 00 and D 01 in D 0 . Attach g handles to this part. That is, remove 2g disjoint discs and identify the boundaries of each pair preserving orientation. In the second step, similar operations are carried out in D 00 and D 01 . After this process is repeated ad infinitum, it results in an infinite genus surface with p = 2 branches and g handles at each stage of branching. This is what we refer to as a Richards surface with parameters p and g (see Fig. 1 ). The limiting intervals D 000··· , D 001··· , D 010··· , etc. are the boundary ends at infinity, where infinitely many handles converge, and hence are singular points of the surface. The boundary of the initial disc D 0 is the only boundary of a Richards surface.
By construction, the set of ends or ideal boundaries is homeomorphic to the Cantor set. If points of this Cantor set are removed from the surface (i.e., if the ends are punctured), then according to Richards' classification we get (up to homeomorphism) a unique infinite genus surface which is independent of the choices of integers g and p made in the construction above. However, to our knowledge, it is not known whether different Richards surfaces (in our terminology) are homeomorphic or not. In the following we will use recursive nature of these surfaces to compute the partition function of Yang-Mills theory on these surfaces. We will find that Richards surfaces with different parameters have generically different partition functions.
Yang-Mills Theory on Richards surfaces
The self-similar structure of a Richards surface of infinite genus can be used to compute the partition function of Yang-Mills theory on it.
First we consider a surface without insertion of additional Wilson loops. Let us associate a holonomy U 0 to the base boundary ∂D 0 , which is the only proper boundary of the surface. If we cut a Richards surface after n branchings, we get a surface of (finite) genus h = g p n − 1 p − 1 with p n copies of surfaces of infinite genus, each of which is isomorphic to the original Richards surface and are glued to the p n extreme boundaries. Therefore, we arrive at a recursion relation, which schematically reads as follows.
In order to solve it, let us note that Z, being invariant under U → hU h −1 is a class function. Therefore, we can expand it in terms of the basis χ R of class functions as Z
, where h(R, a) is a function that satisfies the recursion relation The unique solution to this is h(R, a) = (dimR)
. To see the uniqueness, consider taking a = b = 0 in the recursion relation above. This determines, h(R, 0) = (dimR)
p−1 . Now taking a = 0 and using h(R, 0) on the RHS of Eq.(4.2), we arrive at the solution of h. (We may also arrive at the same solution if we assume that it has the same functional form as Eq. (2.3) .) It is easy to see that the solution is independent of the level n at which we choose to cut the Richards surface.
Therefore, the partition function on a surface with parameters g (for the numbers of handles attached at each branch) and p (for the number of branchings) is
(The above is not applicable to p = 1, which corresponds to a surface known as the Loch Ness monster.) Notice that, unlike in Eq. (2.3), the power of dim R in the expression above, is a fraction α = 1 + 2g p−1 . However, it reduces to the known results in the special cases (i) g = 0, which is a disc with a holonomy U 0 at its boundary, and (ii) p = 0, which is a surface of (finite) genus g (with one boundary).
We know that the power of dim R in Eq. (2.3) is the Euler characteristic of the surface. Since Richards surface is constructed by gluing (an infinite number of ) surfaces of finite characteristic, its Euler characteristics is divergent. Nevertheless, the power of dim R for the partition function of Richards surface in Eq. (4.3) may be thought of as the formal sum (disregarding issues of convergence of the geometric series) of the Euler characteristics of its buildings blocks. Now, consider a Richards surface in which we insert finitely many Wilson loops in certain representations R 1 , · · · , R n of the gauge group G (see Fig. 1b ). We can cut this surface at a finite level thus dividing it into (i) a surface of finite genus containing all the Wilson loops and (ii) a finite number of Richards surfaces without Wilson loops. Since the partition function of each part is known, the partition function of the total surface can be computed by the gluing method. Just as in the case of finite genus surfaces, its not difficult to verify that the final form of the partition function is independent of how the surface is cut into various sub-surfaces.
Finally, the same method can also be applied to compute the partition function of the quantum deformed Yang-Mills theory on a Richards surface. Since the approach is exactly the same, we do not carry out the explicit calculations here. The result for the partition function in the q-deformed case can be obtained from Eq. (4.3) by obvious substitutions for the dimension and Casimir of the representations.
Summary
In this note we computed the partition function of two dimensional Yang-Mills theory for a class of infinite genus surfaces. These surfaces are special in that they have a recursive structure, which could be exploited to solve for the partition function of the theory. Nevertheless, the fact that the partition function of a gauge theory on surfaces of infinite characteristics is a well behaved function, is somewhat of a surprise. We will analyze the analytic properties of this partition function as a function of the area elsewhere [10] . It would be of interest to explore the structure of gauge theories, and more generally, topological theories, on these (or similar) recursive surfaces of infinite characteristics.
